Introduction
In his well-known paper [3] , Beurling showed that every invariant subspace M of the Hardy space H 2 (D) on the unit disc D is of the form M = f H 2 (D) for some inner function f , i.e. is generated by a single inner function.
This type of invariant subspace is called Beurling-type. However, in the case of several variables, the structure of invariant subspaces cannot be characterized in such a simple form. Although it is clear that the subspaces generated by an inner function are also invariant, determining all invariant subspaces in the several-variable case is difficult. For example, in the case of the polydisc D n (n > 1) it is clear that the subspaces generated by an inner function are also invariant in H 2 (D n ) . However, Rudin [9] showed that there are invariant subspaces of H 2 (D 2 ) that are not even finitely generated. In his book [9, p. 78] , he posed the following question: "One may ask for a classification or an explicit description (in some sense) of all invariant subspaces of H 2 (D n ) ". This question has been extensively studied by various authors in different contexts, but it is still open. Recently, the authors gave a partially answer to the question by determining the structure of singly generated invariant subspaces [7] .
In this paper, inspired by [7] , we deal with the case of the unit ball B n . In this case, the existence of nonconstant inner functions was a rather elusive problem for quite some time. There was a time when nonconstant inner functions were thought not to exist. In 1982, Alexandrov [2] and Løw [8] proved independently the existence of nonconstant inner functions in the unit ball. After this investigation it is natural to ask for a classification or an explicit description of all invariant subspaces of H 2 (B n ) for arbitrary n , as that of Rudin in the polydisc case. It is clear that a subspace of H 2 (B n ) generated by an inner function is invariant and there exist a lot of invariant subspaces not generated by a single inner function, e.g., invariant subspaces of finite codimension [4, 5] . In this study we partially answer the question above by giving a complete characterization of singly generated invariant subspaces in the unit ball. Then we construct a singly generated invariant subspace that cannot be generated by any single inner function. In view of these results, it is seen that the structure of invariant subspaces in the unit ball is much more complicated than the one-variable case where every invariant subspace is generated by a single inner function.
Before beginning, let us recall some required facts.
Throughout this paper, n > 1 is a positive integer, and C n is the vector space of all ordered ntuples z = (z 1 , . . . , z n ) of complex numbers with inner product ⟨z, w⟩ = ∑ z iwi , norm |z| = ⟨z, z⟩ 1/2 , and corresponding unit ball
where P (z, w) is the Poisson kernel.
The Hardy space on the unit ball H 2 (B n ) is defined as the space of all holomorphic functions f in B n for which
The radial limits f * (w) of f ∈ H 2 (B n ) exist a.e. on S n and satisfy the integrability condition
This is proved exactly as in polydiscs [9, Theorem 3.3.5] .
If f is outer, then log |f | = P [log |f * |] . This implies that f has no zero in B n , and log |f | and P [log |f * |] are real parts of holomorphic functions in B n . The proofs are the same as that in the polydisc case [9, p. 73 ].
The following theorem is also required in this study.
Theorem 1.1 [12, Theorem 4.2, p. 113] If ψ is a positive, bounded, and lower semicontinuous function on
For further information on Hardy space on the ball, see [11, 13] .
Main results
Every inner function in the unit ball is a generalized inner function. Similar to the problem of existence of nonconstant inner functions in the unit ball given by Rudin [11, p . 403], we can naturally ask the following question:
Question: Does there exist a nonconstant generalized inner function in the unit ball that is not inner?
We have a positive answer by [12, Example 6.7]: Let V be a dense open circular set in S n with σ(V ) < 1 .
There is f ∈ H ∞ (B n ) such that |f * | = 1 a.e. on V , |f * | = 1 2 a.e. on S n \V . It is clear that the subspace φH 2 (B n ) of H 2 (B n ) with some inner function φ is invariant. After the above answer, it is natural to ask whether there exists any function f that is not necessarily inner such that f H 2 (B n ) is invariant. The following theorem describes the class of all such functions.
Proof Let M f denote the bounded linear operator on H 2 (B n ) given by M f (g) = f g for any g ∈ H 2 (B n ) .
Suppose that the subspace f H 2 (B n ) is invariant. Since KerM f = {0} and the image of M f , f H 2 (B n ) is closed, and M f is bounded below; that is, there exists a number δ > 0 such that ||M f g|| 2 ≥ δ||g|| 2 for any g ∈ H 2 (B n ) . Then |f * | ≥ δ a.e. on S n . In fact, assume that σ{ξ ∈ S n : |f * (ξ)| < δ} > 0 . Then σ{ξ ∈ S n : |f * (ξ)| < δ 0 } > 0 for some δ 0 ∈ (0, δ). Let us fix such a δ 0 and put E = {ξ ∈ S n : |f * (ξ)| < δ 0 } . We can construct a sequence of continuous functions {φ j } j≥1 defined on S n such that 0 < φ j ≤ 1 and lim j→∞ φ j = χ E a.e. on S n , where χ E denotes the characteristic function of E . By Theorem (1.1) for each j there exists a function g j ∈ H ∞ (B n ) ⊂ H 2 (B n ) such that |g * j | = φ j a.e. on S n . We get
for all j . Applying the Lebesgue dominated convergence theorem, we have
and we get a contradiction. Hence, |f * | ≥ δ a.e. on S n , i.e. 1/f * ∈ L ∞ (S n ) . Conversely, suppose that f is a generalized inner function. It is clear that for the invariance of f H 2 (B n ), it is enough to show the closedness of the subspace f H 2 (B n ) . For this, we show that M f is bounded below, and that means there exists a number c > 0 such that ||M f g|| 2 ≥ c||g|| 2 for any g ∈ H 2 (B n ) . In fact, for any g ∈ H 2 (B n ) we obtain
and the proof is complete. 2
This theorem shows that every singly generated invariant subspace M of
for some generalized inner function f . This is a generalization of Beurling's theorem. It is clear that the class of inner functions is contained in the class of generalized inner functions. Then the following is a natural question to ask: Question: Is every singly generated invariant subspace of H 2 (B n ) generated by an inner function?
The following construction leads to a negative answer: 
.
(b) It is easily seen from (a). The following result gives a class of functions for which Beurling's theorem holds for n > 1 . g/f is holomorphic, which contradicts Rudin's result. Thus, the generalized factorization does not hold for this f ∈ H 2 (B n ). We do not know whether a generalized factorization holds true for arbitrary bounded f ̸ ≡ 0 on B n . Problem Can every nonzero function f in H ∞ (B n ) be written as a product f = gh , where g is a generalized inner function and h is an outer function?
